Difference representation of one binomial expansion

Difference representation of one binomial expansion.

(V2 — 1) = ym —ym—1
https://www.linkedin.com/groups/8313943/8313943-6421211852029591552
Show that every positive integral power of v/2 —1 is of the form /m —v/m — 1.
Solution by Arkady Alt , San Jose, California, USA.

We intend not only to prove that (v/2 — 1)" for any n € N can be represented
in the form \/m, —+/my, — 1, where m,, € N but also to define m,, recursively.

For any n € N let a, and b, be positive and negative parts of binomial

expansion of (v2 — 1)".We will prove that a2,b2 € N and a2 — b2 = 1 for
any n € N and we thereby prove that (v2 — 1)" = /My —/my, — 1, where
m, = a2 € N.

Since (v2 — )" =(V2 — D(V2 — )" = (2 — 1)(a, —by) =
\/ia'n + bn - (an + \/ibn) we obtain { Unt1 = ﬁan + bn

bn+1 =an + \/ibn
where a; = v2,b; = 1.
Also, we can set ag :=1,bp := 0 since (vV2 — 1)’ =1=1-0
Since b, = any1 — V2a, for any n € N then bnt1 =an + v/2b,, becomes
Ap+2 — \/Qan+1 =a, + \/i (an+1 - \/ian) —
Apy2 — 2\/5@7,,4,_1 +a, =0,neNU {0} —
(1) Apt+1 — 2\/§an +an—1 = O, n € N.
Thus, a, is defined in NU {0} by recurrence (1) with initial conditions
apg = 1, a; = \/§
Since aiﬂ — Upt20n = Gp41 (Qﬂan — an_l) — (2\/§an+1 - an) ap =
a% — Gpt+10n—1,n € N and ag = 3 then
CL% — Qp410p—-1 = a% — Q2009 = 2—-3= *1,771 e N.
Hence, apy10n-1 = a% + 1,n € N and noting that
(ang1 + an1)’ = (2\/§an)2 = aZ +ai_| +2ap11a0-1 =8al
we obtain
a2, +a2_;+2a2+2=8a2 < a2, —6a2 +ai_,=-2,nEN
and since a3 = 1,a? = 2 this immediately implies that a2 € N.
By the similar way, since b, 1 — 2v/2b,, + b1 = 0,neNand by=0,6p =1
we obtain b2 — b, 1b,—1 = b3 —bobg = 1 <= byi1b,—1 = b2 — 1 and,
therefore, b2, — 6b2 +b2_; = 2,n € N and this immediately implies that

neN,

b2 € N. Since a2 —b% = 1,a? —b? = 1 and for any n € N, assuming a?_, —b2_, =
aZ—b% = 1,weobtaina?,,—b2,, =6 (a% - bi)— (a%_l - b%_l)—4 =6—-1-4=

1 then, by Math Induction, a2 — b2 = 1 for any n € NU {0} .
Thus, (V2 — 1)" = /m, — /m, — 1,where m, 1 = 6m,, —m,_1 —2,n €

N and mg =1,m; = 2.
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